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OSCILLATION AND NONOSCILLATION OF NONLINEAR
SECOND ORDER DIFFERENCE EQUATIONS

M. M. A. EL-SHEIKH, M. H. ABD ALLA AND E. M. EL-MAGHRABI

ABSTRACT. In this paper, we study oscillation and nonoscillation behav-
iour of the second order nonlinear difference equations of the form

A(rp(zn)Azn) + gnt1f(Tnt1) =0, n € N(no),
and

A(rpp(Tn)Azn) + gn f(n,zn) =0, n € N(no),

where N(n,) = {no,no + 1, ...}, (no is a fixed nonnegative integer number),
Ay = Tpy1 — Ty is the forward difference operator, z : N(no,) — R,
r: N(no) — (0,00), ¥ : R — (0,00), f is a real valued continuous function,
and {gn} is a sequence of real valued.
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Key words and phrases: Oscillation and nonoscillation, Asymptotic behav-
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1. Introduction

In recent years, there has been an increasing interest in the study of oscillation
and asymptotic behaviour of solutions of nonlinear difference equations, see for
example ([1], [3], [4], [10], [11], [13], [14]) and the references cited therein. In [3],
[7] and [8], the authors have dealt with oscillation of the difference equation

A(rpAxy) + f(n,z,) =0, n € N(no).

The aim of this paper is to obtain a new criteria for oscillation and nonoscil-

lation of the general difference equations
A(rn(zn)Azn) + gni1 f(zn41) = 0, n € N(no), (1)
and

A(rp(xn)Azy) + qn f(n,x,) =0, n € N(no,), (2)
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where N(n,) = {no,n,+1,...}, (n, is a fixed nonnegative integer number),
Az, = ZTpt41 — Zp is the forward difference operator, z : N(n,) — R, r :
N(ny,) — (0,00), ¥ : R — (0,00), f is a real valued continuous function and
{gn} is a sequence of real valued. Section 1 consists of a brief introduction and
review of relevant material. In Section 2 we discuss a new sufficient condition
for oscillation of all solutions of the second order nonlinear difference equations
of type (1). In section 3 we present several necessary and sufficient conditions
for nonoscillation of solutions of (2). A nontrivial solution of (1) or (2) is said to
be oscillatory if for every n, € N(n,) there exists n > n, such that x,, z,+1 < 0
([1], p- 322). Otherwise, it is called nonoscillatory.

2. Oscillation of nonlinear difference equations

In this section we give sufficient conditions for oscillation of solutions of equa-
tion (1) with oscillating coefficients ¢,,. Our results in this section improve and
partially generalize some results of Thandapani, et al [9] and Zhang, et al [14].

Through this section, we assume that
(I) f:R—R isnondecreasing function, xf(x) >0, x #0.
1

17 lim —— =00, for n € N(n,).
D Jim 3 o (o)

The following Lemmas will be needed in this section.

Lemma 1. Suppose that {z,}, n € N(n,), is a nonoscillatory solution of (1).
If there exists an n1 € N(n,) such that

_rnow(acno)Axno s mal rib () Az A f ()
(AR SE R ey iy ey R

where m > 0 and n € N(n,). Then
(1) rpyp(xn)Axy, < —m f(zn,), when {z,} is a positive, n € N(n1), (4)

(2) ro(zn)Axy, > —m f(zy,), when {x,} is a negative, n € N(nqy). (5)

Proof. From (1), it is clear that

f($n+1)

= —(@nt1, for n € N(n,).

Then

rap(zn)Azn | (@) Az Af (2)
A [ f(wn) :| B (s f@n) f(@ng1) .
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Summing (6) from n, to n — 1, we have

n—1 n—1
A TlT/)(IEl Aﬂ?l} . le(zl)AzlAf(xl)
l;:o [ f(z Z di+1 — l;:g F@)f @)

we get

7%#’(%)&% - Tnow(xno)Azno T xl)AzlAf( )
f(zn) B f(xn,) " Zn: et Z f(@) f(zi41) (7)

By (3) and (7), we get

_ rap(zn)Azy, m i rip(a) Az Af (x)
e 2" X T it

But since by (I), it follows that the sum of the right hand side of (8) is positive.
Hence

(8)

l:n1

Az, <0, for n e N(np).

Now we have one of the two possibilities {x,,} is positive or negative. Suppose
first that {x,, } is positive. Setting —rp¥(z,)Az, = w, > 0. Hence (8) becomes

n—1
wlAf (z7)
9
f ) f@e) ®)
Now suppose that
n—1
’UlAf ()
_ 10
f Z f(@) f(zi41) (10)

Furthermore, using induction, we can prove that w, > v, for all n € N(ny).
Taking the difference operator on both sides of (10), we find

3 () - R () - et

Hence A
o5 =0, flzwn) £0.

This implies that Av, = 0. Therefore v, = v,, = m f(xy,), for n € N(n1).
Hence

an(zn)Azn <-m f(x'm)v ne N(nl)
The proof for the case when {x,,} is negative follows from similar arguments
by taking r, ¥ (z,)Az, = w, > 0. O

Theorem 1. Let {z,}, n € N(ny —1), be a solution of Eq (1)
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() If{zn} is a nonoscillatory solution of Eq (1) and lim inf Z q > —00,
l:n1

then

— r(z) Am A f(2y)
2 T ) < .

l:n1

(i) If lim Z qi = 00, then every solution of Eq (1) is oscillatory.
n—oo

l=n1

Proof. (i) For the sake of contradiction, assume that

— (@) A Af(z)
Z f(@) (i) a

Since by assumption lim inf Z q1 > —oo, then there exists nj > ng such that
n—oo

l=n1

l:n1
(3) holds. For the case {z,} is positive and by Lemma 1, we obtain

) (Tn) Az, < —m f(x, ), for n>nj.

But since m > 0 and ¢(x,,) is positive for n € N(n7), then we have

Az, < —m f(2,r) <;> :

Tn¢($n)
Then
n—1 n—1 1
Azp < =m f(xny) D —F—
ie.,
n—1
1
Tp < Tpx —m f(Tnx —. 12
o ( nl)l;:; () (12)

The right hand side of (12) tends to —oo as n — oo, while the left side is positive.
This is a contradiction. The proof for the case {z,} is negative is similar.

(ii) Suppose the contrary that, there exists a positive nonoscillatory solution
of (1) say {z,} for all n > nq, then the condition of Lemma 1 is satisfied. Thus
we have

mf(xnl)
Az < = an(xn) ’

Now taking the sum of (13), from ny to n — 1, we get

for n>n;. (13)

n—1

1

Tp < Tpy — mf(acm)l:zn:1 m (14)
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Taking the limit of (14) as n — oo, we get x,, — —oo. This is a contradiction.
The case of x,, < 0, the proof is similar and hence it is omitted. O

Lemma 2. Assume that

(41) lim |f(x)] =00, (A2) lim Z q exists.

|z| =00
l=n,

If {x,} is a nonoscillatory solution of (1). Then

P =Y an Z MUOZACIE) for € Nin). (13

Proof. The proof is similar to the proof of Lemma 2.2 in [14], and so it is omitted.
O

Theorem 2. Let (As) be satisfied. Suppose that

(As) 0</ and / < 00, for all € > 0;
*) I e I

Ay) lim q; =

(A4) "Hooz:zn: mb =) 2121

Then every solution of (1) is oscillatory.

Proof. Suppose this is false. Without loss of generality, let {x,,} be an eventually
positive solution of (1). Then by Lemma 2 and condition (I), we obtain

i i (wy) Axy A f () > 0.

= fE)f(xg)
Thus
n n A n
M Z%h for n e N(ny),
ie.,
Az, 1 ad
> qi+1, for m e N(n,). 16
Flwn) = rat(wn) ; o () 16
The sum of both sides of (16) from n, to n, we obtain
n n o0
Az
> St X )
l=no l=n =Il+1

Define g(t) = 21+ (t —1)Ax;, | <t <I+1. Then we have one of the following
two cases.
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Case 1. If Ax; > 0, then z; < g(t) < x;41. Thus in view of the assumption
(I), we get
A:L'l < Al‘l
fleien) = flo() = flo)
Case 2. If Ax; <0, then x;41 < g(t) < x;. So we can directly obtain (18).
Now by (17) and (18), we get

s g s 1
Lm»ﬂﬂz/a Fo) > 2 ra) 2 (19)

Q
~
—~
~
~—

< (18)

no l=n, i=l+1
Let G(y) = ——, then
y f)
n 1 oo
G > — i1
) 2 3 - 3
=N, i=l+1
This contradicts condition (A4). Similarly, one can prove that (3) does not
possess eventually negative solution. O

3. Nonoscillatory behaviour of solutions

In this section, we discuss nonoscillatory behaviour of solutions of (2). We
assume that () is nondecreasing in x. Let {¢,},—, be a positive sequence of

real numbers. Our results partially generalize those of [7].
Through this section, we assume that the condition (II) holds, and
(III) f(n, ) > 0 for all (n,z) € N(n,) x (0, 00).

Before stating our results we give the following result of [2] which considered
as a discrete analog of Schauder’s theorem.

Lemma 3. ([2]) Let k be a closed and convex subset of 1. Suppose that T is a
continuous map such that T (k) is contained in k, and suppose further that T (k)
1s uniformly Cauchy. Then T has a fized point in k.

Now we give the following results.

Lemma 4. Let {x,},_, be an eventually positive solution of (2). Then there
exist two positive constants c1, c2 and s € N(n,) such that {xy,} is monotonically
increasing and

a1 < zp <R (1), for ne N(s),

where

n—1 1
RS’"(cl):kgs m
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Proof. Since {z,} is an eventually positive solutions of (2). Then there exists
an s € N(n,) such that x,, > 0 for n € N(s). It follows from (2) and (III) that

A(an(%)AfUn) <0,
ie.,
an(xn)
Tn1P(Tnt1)’

If there exists an nq € N(s) such that x,,, +1 < @y, , then it follows from (20) that
Tnt2 < Tpt for all n € N(ny). This means that {x,} is eventually decreasing.
But since by (20) and (II), it follows that

Tpto < Tpg1 + (Axn) ne N(5)7 (20)

n—1
1
< x4 ; ; ; —_—.

Tp S Ts + 7“5—11#(305—1)A$5—1 ; Tkw(l'k) (21)
It follows by (II) that {z,} is an eventually negative when n is large enough.
This contradicts the fact that {z,} is eventually positive. Therefore {x,} is
eventually increasing and the sequence {r,¢(z,)Axz,} is positive. Since z,, > 0,
and ¢(x,) is nondecreasing for n € N(s), then there exists ¢; > 0 such that
c1 <z, for n € N(s). Thus

n—1 n—1

1 1
Z rEY(Tr) = Z rrtp(er)” (22)

k=s k=s

Therefore, the relation (21) becomes

n—1
1
Ty < Ts +1rs10(Ts—1)Axs_ _, 23
11/)( 1) 127%1#(01) ( )
ie.,
Tn § CQRs,n(Cl)a

where ¢y is a positive constant. O

Theorem 3. If any nonoscillatory positive solution of (2) belongs to K9, and
f(n,x) is nonincreasing, then

[ee] 1 o0
qif(i,c) < oo, for ¢>0. 24
k;() i (c) ; (i) (24)
where KO : x, — a, Tt (2n) Az, — 0, (n — o0).

Proof. Let {z,} be any nonoscillatory positive solution of (2) belongs to K2.
Since x, > 0, then a > 0, and there exist two positive constants ¢, ¢ and an
s € N(n,) such that

c1 < a, <co forall n e N(s). (25)
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On the other hand, by (2) we get,

n—1

(@) Az + Y qrf (k, 2k) = Tt (2m) A, (26)

k=m
for m € N(s) and n € N(m). Taking the limit as n — oo on both sides of (26),
and using K?, we obtain

o0

Pt (Tm) Az = > qif (b, w1). (27)
k=m
But since by (27) we get,
m—1 1 00

Ty = Ts + _ i f (1, x;). 28
. > ey 0 (2)

Thus it follows by taking the limit as m — oo on both sides of (28) that

oo 1 oo

— f (2, z; . 29
> gy L) < o0 (29)

But since x,, > 0, f is nonincreasing, and v is nondecreasing. Thus by (25) we

have
oo oo

1 1
if (i,c2) < if(i,z;), and <
2l £ 2 afiom and ey <
Then
YRR if(i,e2) < i f (2, x5),
kzzno Tkw(CQ) ;q f( 2) kzzno Tk¢($k) ;q f( )
i.e., the inequality (24) holds. O

Theorem 4. Assume that f(n,x) is nonincreasing. If

Z qrf(k,a) < oo, for some a >0, (30)
k=n,
and
o0 1 o0
— if(1,b) = oo, for some b > 0. 31
k;ﬂ 0 gq f(i,b) f (31)

0

o> Where

Then Eq (2) has a nonoscillatory positive solution of class K
K% : x, — oo, ra(zn)Ax, — 0, (n — o0).



Oscillation and nonoscillation of nonlinear second order difference equations 211

Proof. Introduce the linear space X of all real sequence {x,} such that

n—1

|20 1
sup ———— < 0o, where R, n(a)= .
neN(n,) R, n(a) (a) k;g Ti3(a)
It is not difficult to see that
el = sup 1=l z€X, (32)

neN(n,) Rno,n(a) ’

is a Banach space [6, 8, 12]. Consider the subset ¢ of X consisting of all x € X,
such that

n—1 o]
1
=<zeX|a<lz §a+§ —E qf(i,a), n>n, p.
’ { | ! k:norkw(a) i=k S 0}

We also define an operator T : ¢ — ¢ by the formula

n—1 1 oo '
(Tz)p =a+ k;ﬂ m ; qi f (3, ;). (33)

The mapping T satisfies the assumption of the Shauder’s fixed point theorem.
Namely, it satisfies the following
(1) T maps ¢ into ¢.
(2) T is continuous.
In fact , if for € > 0, we choose s > n, so large such that

qu f(k,a) < =, forall neN(s). (34)
k=s

[\ e

Let {z2}7, be a sequence of elements of ¢ such that ¥ — z as v — oco. Hence
since ¢ is closed, = € ¢, for all large v it follows that

(Tz?) _ (Tx)p 1 n—1 1 - o
‘Rno,n(a) Rno,n(a) - Rno,n(a) k;{) Tkw(l'};) vard sz(’t, I,L)
1 n-l 1 oo
+ R, n(a) k:Zno i (k) ; ¢ f(i, ;)

Since x € ¢, f(n,x) is nonincreasing, 1 (x) is nondecreasing positive value and
a < x,, then ¥(a) < 9¥(z,) implies that ﬁ > m and f(n,z,) < f(n,a).
We have

(T:L'v)n (T:L')n > v ol
Ry, n(a) Rno,n(a)‘ < ;% f(k,z}) + ;qk F(k, )

<2 g f(k,a).

k=n



212 M. M. A. EL-Sheikh, M. H. Abd Alla and E. M. EL-Maghrabi

This shows that lim, . ||Fz? — Fz| = 0; i.e., T is continuous.
(3) T'¢ is uniformly Cauchy.
Let x € pand m, n > n,
(Tx)m (Tx)n

Ry, m(a) Ry, n(a)

1 m—1 1 00
+ Ry, m(a) k;() () ; qif (i, 2;)
1 n—1 1 00
,an (a) k;g it () ; ¢ f (i, z;)
2@ 1 m—1 1 50
: Rno, (a) " Rno, (a) k=n, Tkw(xk) ;qif(zaxz)
1 n—1 1 00
—I—Rno,n(a) k;ﬂ s ; qif (3, 2;)
2a oo
S B 2 ;‘ka(k,a).

Since Ry, n(a) — 0o as n — oo.
Hence, for any ¢ > 0, there exists an integer n; € N(n,) such that, for
n € N(ny),
a

— <
Rno,n(a)

o0
€
, and Z qr f(k,a) < 1

k:nl

B~

Thus,
(T)m (Tx)n

Ry, m(a) B Ry, n(a) =6

for m > n > ny. This means that T'p is uniformly Cauchy.

By Lemma 3, we can conclude that there exists, an € ¢ such that z = T'x;
that is, {z,} is a positive solution of (2). Taking the difference operator on both
sides of (33), we get

(o)
an(In)AIn = Z Qkf(k'vxk)-

k=n

Hence, lim r,¢(x,)Az, = 0, which implies that {z,} is increasing for
n—oo

n > ne, and {x,} either converges to some positive limit or diverges to oo as
n — o0o. Suppose that the first case hold. Then, this means that z € K2, and
so0 (24) holds. But this contradicts the assumption (31). Then {z,} is a positive
solution of (2) belongs to K2.. O
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Theorem 5. If Eq (2) has a nonoscillatory positive solution of class K, and
f(n,z) is nonincreasing, then

o

Z arf(k,aRy, k(b)) < oo, (35)

k=n,

and

> Tk;(b) Zqif(z‘,b) = 00, (36)

k=n,

n—1

where a, b >0, n>n,, and R,, »(b) = Z

Proof. Since z,, > 0 and x € K%. For any a > 0 and b > 0, by Lemma 4, there
exists m € N(n,) such that b < z,, < aR,,, ,(b), for all n € N(m). Since, f is
nonincreasing, then

f(n,an) < f(n,b), and  f(n,x,) > f(n, a’Rn07n(b)))
for n € N(m). Thus by Eq (2), we obtain

n—1

rp(zn) Az, + Z arf(k,xr) = rmY(em) Az, for n e N(m).
k=m (37)
Taking the limit of (37) as n — oco. Hence since z € KO, we have
o
k=m

since =, < aRy, »(b) and f(n,z,) > f(n,aR,, (b)), then

me(xm)AIm > Z Qkf(k'vaRn,,,n(b))

k=m

This means that (35) holds. Now since by (38), we have

ma o0
1

- — NTgfli) N(ny). 39
T = T, +k_z e @) Zqu(z,x) or m € N(n,) (39)

=N, i=k

Taking the limit as m — oo, on both sides of (39), it follows that
(oo} 1 [ee]
——— > ¢f(i,x;) = o0
k;o rrp(or) =
. 1 1

But since f(n,z,) < f(n,b), and < , then we get (36). O

re(zr) ~ riep(b)
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